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The standard model of magnetization transfer consists of six
coupled, first-order differential equations which describe a lossless
exchange of magnetization between two sites. The system of differ-
ential equations is solved semi-analytically in full generality. The
solution allows one to model any experiment generating magneti-
zation transfer. It is especially useful in investigation spin systems
subjected to pulsed magnetization transfer experiments. o 1998
Academic Press
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INTRODUCTION

Based on pioneering work (1-3), a macroscopic spin
model which accounts for atwo-site exchange of magnetiza-
tion has been proposed (4—8). We refer to this model as the
“‘standard’’ model of magnetization transfer (MT). Among
other applications the model has been shown to account
for systems containing water molecules bound to protein
structures (see, e.g., (4)). The spin ensembles of both pools
of the standard model obey the Bloch equations. Thus, the
spin system is described by six coupled, first-order differen-
tial equations (DEgs). We present a general solution ob-
tained by Laplace transformation. This technique has been
used before to solve the plain Bloch equations (9-11) and
special cases of the problem considered here (12, 13). The
solution is *‘semi-analytic’’ in the sense that it is presented
analytically apart from roots of a sixth-order polynomial
which are computed numerically.

A continuous-wave MT experiment can be modeled ap-
proximately by only considering the steady state solution of
the standard model (see, e.g., (4)). However, the including
of transient effects avoids a systematic error (12). The tran-
sient solution of (12) is based on the assumption that MR-
visible spins remain unaffected by continuous off-resonance
RF irradiation. Hence it utilizes only four DEgs of the stan-
dard model. The transient solution is essential for modeling
pulsed MT experiments, where RF irradiation periods are
comparable to spin—spin relaxation time constants of the
MR-invisible spin pool (14, 15). Since RF irradiation close
to resonance is used, both pools are affected. Again, the case
of precise on-resonant RF irradiation is modeled by four
DEgs (13).
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The general solution of the standard model extends its
applicability to any experimenta procedure. In addition to
the cases considered in (12, 13) it allows one to investigate,
e.g., the case of continuous off-resonance irradiation ap-
proaching resonance, or off-resonance effects arising in
pulsed MT experiments. The extended applicability is partic-
ularly useful for designing MT pulse sequences and for ob-
serving MT of off-resonance spinsby MR spectroscopy (see,

eg., (16)).
THEORY

The standard MT model describesthe exchange of magne-
tization between two pools A and B by assuming the validity
of the Bloch equations for each pool. During the presence
of an RF field B, of amplitude w; and frequency offset
Aw™® = w — w§®, the magnetization in the rotating frame

WS = MAS, wARIBL VAP = MR, MA® = M, is
given by
dUC;tA'B _ _ T%VB u'AB — AWABAB
2
dvrA,B
< - _ TA,BU’A'B + AwABYrAB _ wlMQ,B
2
vz 1
e —<§ + fx)(Mf — Mg)
1
r
+ f—x (M8 — M§) + wp'?
dmB 1 ry s 5
a ~ \7 )Mo M)
1
+ rx (M2 = Mg) + ww'®, [1]

where ry denotes the exchangerate, and f the ratio of equilib-

rium magnetizations of both pools, i.e,, f = M§/Mj.
Using dimensionless quantities

urA,B/Mé,B VAB =

T = wit, UMB = v ABIMGB,
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WAB = (MA® — M22)/2MA*,
Onp = Aw™®Blw,, app = 1/(W1T?'B),

ﬁA,B = 1/(LU1T§’B), Ax = rxlwl, Ay = rx/(fwl),

[2]

Egs. [1] read
AB
du + ﬁA’BUA'B + 6A’BUA’B =0
dr
dUA’B

dT + ﬂA’BUA’B - 6A'BUA'B + (l - 2WA'B) =0

A UA
+ (aA + ax)WA - axWB + E = 0

B B

+ (s + ay)WP — ayWA + = = 0. [3]
dr 2

The definition of the dimensionless quantities requires a sep-
arate consideration of the case of no RF irradiation, i.e., w;
= 0. In this case the six coupled DEgs [1] are reduced to
three pairwise coupled DEgs. The solution for the transversal
magnetization components needs to take a possible differ-
ence of the resonance frequencies of the A and B nuclel into
account; the calculation is straightforward. The solution for
the longitudinal components is given in (13). With the La
place transformation of a function u(t) denoted by U(p) =

J, u(t)e ™dt, the Laplace transform of Eqs. [3] reads

(P + Bag)0”B + 6pg0™® = ubB

(p 4 IBA’B)T)A,B _ (SA’BGA’B _ ZWA’B — vé,B _ 1‘
p
~A
(p + ap + ax)WA — axWB + UE = Wé
~B
(p + as + ay)W? — anA+%=wg. [4]

Equations [4] may be written in matrix form, BX = Xo,
where X = [U*, 0B, 94, ©®, W*, WB]T, X0 = [uf, Ug, vo —
(1/p), vs — (1/p), wg, wg] ", and

The solution

1

= —— BuyXo

[3]

reguires computation of the adjugate and the determinant of
B. The term BygX, is conveniently presented as g = pBygXo,
where g can be written as

1
(2]
|

(U5 Ois Ouo | E 5
us O O20 4
vo O O30 P 3
g= LB p [6]
0 Oss Qa0 p?
WO Oss Oso0 D
i wo Oes (O1) ] 1

with

Ois= (y1+ Ba+ 20s)U5 — 6400
Ou=[vs+2(v1+ Ba) Be + v1Ba+ 2 + v2]Ug
— (7v1+ 2B8) a6 — 26aW5 + 64
Oz = [(v1+ Ba)va+ (2y18a+ 2y2+ 3)fe
+(v2+1)Ba+ v1]uo
= (vs+2y1Bs + v2 + 1)8a00
—2(2Bs + g + v )6AWG — 20aaxWo
+ (v1+2B8)6a
G2 = [(v18a+ v2+ 1) va+ 2(y2Ba + 0.508a
+ag+ ay)Be + (ax + aa)(Ba+ Be) + 1 up
—[y1vs + (2y2+ 1) B + ax + an] 6400
+ daaxvg — [2y3 + 4(ay + ag) Bs + 2]5,W6
— 45pB8ax WG + (773 + 27188 + v2 + 1) 64
Ou = [(v2Ba+ ay+ ag)ys + (ax + aa) BaBe + Be] Us
+ 6adsaxUs — [ v2y3 + (ax + aa) Be] 6av0
+ 6aBeaxv — [2(ay + as) ys + 28] aWo
— 2y30ax W6 + [y1ys + (272 + 1) Be + aal 6a

P + Ba 0 Oa 0 0 0
0 p + Bs 0 s 0 0
B — —ba 0 p + Ba 0 -2 0
0 —0g 0 p+ Bs 0 -2
0 0 1/2 0 P+ ap + ax —ax
0 0 0 1/2 —ay p+ ag+ ay
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(v2Y3 + Bean) 0a

Os5 = 6aUG + (y1 + Ba+ 2Bs)v6 + 2Wo — 1

Oz =

O3 =

O =

Oa1 =

O =
Oss =
Os4 =

Os3 =

(v1+ 2B8)6aU0

+[ya+ (v1+ 268) Ba+ 2y1Be + v2 + 106

+2(Ba+ 208 + ag + ay)Wo

+ 2axW§ — Ba— 208 — 71

(va+2y10s + y2 + 1) 6,U0

+[(v2+ Ba)va+ (2y1Ba+ 2y2+ 1) s
+(v2+ 1) Ba+ an+ ax]up

— axvg +[2ys+ 4(Ba+ as + ay)Bs
+2(ag + ay)fa+ 2]wo

+2(Ba+ 2Bs)axWo — va— 2(7y1 + Ba)Bs

—YBa—72-1

[ Y175+ 2y2Bs + Bs + ax + aal 8alo

— bpaxUg + [(vaBa+ v2) va + (2y2+ 1) BaBs
+ (ax+ an)(Ba+ B)]v6 — (Ba+ Bs) axvo

+[2(Ba+ ag + ay)ys + 4(as + ay)BeBa
+2(Ba+ Be)]W6 + 2(vs + 26a8s) axWo

—(v1+Ba)vs— (2y18s + v2+ 1) Ba

—(2y2+1)Be —an

[v2ys + (@a+ ax)Bs] 6aUs — 6eBacxUs

+ [v2Bays + (aa + ax)Babs]ve

— BaBeaxvg + [2(as + ay)Bays + 26a8s] Wo

+ 205 BaysWG — (Y1Ba+ ¥2) Vs

—(2y2+ 1) BaBs — (Be + Ba)aa

— Y2BaYs — BalBsta

—0.5v0 + (28a + 288 + ag + ay)Ws + axWg

—0.56aU6 — 0.5(Ba + 285 + ag + ay)vo

— 0.5axv8 + [vs + va+ 2(20a+ as + ay)fe
+ 2(ag + ay)Ba+ 1] Wo

+ 2(Ba+ Bs)axws + 0.5

—0.5(28s + g + ay)6aUL — 0.5850 UE

—[0.5ys + (ag + ay) (0.58a + B&)
+ BaBe + 0.5]vg — (Ba + 0.58s) axve

+[(28s+ ag + ay)ya+ (2Ba+ ag + ay)ys
+ 4(ag + ay)Babe + 204 + Bs]Wo

+ (vs + va + 4BaBs) axWo
+ 0.5(8a + 265 + ag + ax + ay)
Oz = [—0.5y5 — (as + ay)fs — 0.5]8aU5 — BadeaxUs
— [05(Ba + ag + ay)ys + (as + av)Bals
+ 0.5(8a + Be)]vo — (0.5y4 + BaBe)axvs
+ [(1 + v3)va + 2(as + av)(Beya + Bays)
+ 26aBs]Wo + 2(Bays + Beya)axWo
+ 0.5y; + (ag + 0.5ax + ay)Bs
+ (0.5ag + ax + 0.5ay)Ba + Bals + 0.5
Os1 = —0.5[ (s + ay)ys + Be] (6aU6 + Bavi)
— 0.5y.ax(68U6 + Bevo)
+ [(as + ay)ys + Be] vaWo + yayaaxWo
+ 0.5(8a + ag + ay)ys + 0.5ax 7y,
+ (ag + ax+ ay)BalBs + 0.5(8a + Bs)
Os0 = 0.5[ (@g + av)Bays + Beaxya + Babs]

and

—aA+aB+ax+ay,

<
=
|

Y2 = aplp + axdp + QyQa,

8% + B, va=6a+ Ba.

Y3

The remaining coefficients g, i € {1, 2, 3}, j € {1,
..., 5}, are obtained from g,_; by swapping the indices A
and B, and X and Y of «, 3, 6, Uy, vo, and Wy. Note that this
index permutation affects y; and -y, as well. Further,

det B = A(p)

= p® + Csp® + Cup* + P + P + Cp + G
[7]
with

Cs = 2(Ba+ Bs) + 71

Co= Y2+ va+ va+ 2y1(Ba + Be) + 46aBs + 2

C3 = yi(ya+ va+ 1) + [4yiBa+ 2(y2 + v4) + 3] Be
+ [2(y2 + v3) + 3] 8a

Co = vaya + (v2 + 1)(vs + va + 48a0s)
+ 2y1(v3Ba + v4Bs)
+ [aa + ax + 2(ag + ay)]Bs

+ [aB + Cly+ 2(CKA + ax)]ﬂA + 1
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C1 = Y1YaYa + (aa + ax)ya + (as + ay)ys

+ (1 + 2y2)(vaBa + vaBe) + 2y18aBs + Ba + Bs
Co = Y2YaYa + (aa + ax)vaBs

+ (ag + ay)ysBa + Babs-

Note that if w; > 0, then ¢y, ..., cs > 0, in which case all
real roots of A(p) are negative, whereas if w;, < 0, then ¢,
C,, Cs > 0, ¢, C3, Cs < 0, in which case all real roots are
positive. Since the real parts of roots are the damping factors
of the time domain solution, physical reality requires that
this relation also holds for the real parts of complex roots.
Note, however, that neither only the signs of the coefficients
nor a physical principle determines the number of real roots
(17). We assume that the roots of A(p) are obtained by a
numerical procedure and exclude for the moment the exis-
tence of multiple roots. Then A(p) can be factorized as

A(p) =[] [(p + &)* + nfl, [8]

i=1

regardless of whether its roots are red or complex. In case of
a conjugate pair of complex roots z , z¥, &, and n represent z
=—& +in,i=V—1; incaseof apair of rea roots x,_, and
Xoi 4 5 and n I‘epl’eSSI’Tt gi = _(XZi—l + X5 )/2 and n = i(XZi—l
— X )/2, where the 9gn of 7; can be chosen arbitrarily. This
notation avoids cumbersome bookkeeping of the four possible
combinations of pairs of rea and complex roots, which indeed
are found to occur. Given the factorization of Eq. [8], the
solution X = g/(pA(p)) is expanded in partid fractions by

o _ S Ka—1(p + &) + Ky k_7
XY= 2 ey T

(9]

Inverse Laplace transformation of X yields the time domain
solution:

x(7)

|:k2ilCOS(T]iT) + Ka Sin(T]iT):|e_£iT + k5.
m

I
IMo

[10]

This is a real function. Terms containing an imaginary
can be written as

[kzilcos(m) +Ka Sin(w)]ef”
.

_ Kai-ani — Ka e (&7 4 Ko _ani + Ky G
2n/ 2n{
[11]

where n{ = n;/i is real. The steady state solution k; is
obtained by

g(0)

Q) [12]

k7 = lim pX(p) =
p—0

To obtain the remaining coefficients k4, . . ., Kg, one needs
to consider the cases of a pair of k's originating from a
conjugate pair of complex roots or a pair of real roots sepa-
rately. Let ky_ 1, ky correspond to a complex root repre-
sented by &, n; € R. We then consider this limiting case
of Eq. [9],

lim )N((p)[(p"_fl)z"" 77|2] = iKy_1mi + Kz [13]

po=¢&itin
g(—& +ini)
(=& +ini) Ar(—=& +in;)

=ik + Ky, [14]

where Ag(p) = A(p)/[(p + &)? + n?]. Each component
of the left-hand side of Eq. [14] is of the form

gsp® + 915953+ g,-4p42
+ GisP” + Gi2P” + GuP + Gio [15]
pl(p + &2)% + n3l[(p + &)? + ni]

fi(p) =

assuming & = &, ;= np without loss of generality. The
real and imaginary parts of Eq. [15] are given by

. 1
fie(=& +im) = Py [(hane — his&1) (hahi — hphy)
3
— (hysn1 + &) (hihy + hihs)]
; . 1
fim(—& + i) = n [—(hisny + hia&a) (hihi — hohy)
3

hsé1) (hihe + hih3)],
[16]

= (hany —

where

hy = (& — &)* — ni + 15,

hi = (&= &)* —ni+ns

h, = 2n1(&s — &1), hz = 2ni(&2 — &)

hs = (€% + n3)(hi® + h3?)(hi + hi)

ha = gs(—6£3m: + 20€3nT — 6£1n3)
+ gs(561m — 106301 + n3)
+ ga(—4E3in + 4m3) + ga(3Eim — ni)
— 20261m + G
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his = ge(£% — 15¢1n% + 15¢3nT — n?)
+ gs(—&3 + 106307 — 5¢n7)
+ ga(€1 — 6¢in% + n1) + ga(—&35 + 3¢md)
+ 02(6% — n1) — 9a2és + Yo
Then,

ko= = (=g in), Ko = (=& + in). [17]

1

If ky_1, Ky correspond to apair of real roots Xy 1, X repre-
sented by &, n; and n! = n; /i, we consider

lim X(p)[(p + &)* + nf] = (=& + ni)
po—=&i+ni
= Ka_1mi{ + Ky
and
lim  x(p)[(p + &)* + nfl = f(=& — ni)
p=—&i—ni
= _kZi—lni, + k2i . [18]
Hence,
1
Ka1 = -, [f(=& +ni) — (=& — ni)],
2n;
ko = SLF(=& +n0) + F(-& D], [19]
This result simplifies Eq. [11] further; i.e.,
Ka ¢
[kZilcos(nir) +—= sm(nm-)]e &
_ f(X%i1) Q%1 4 f(%a) e, [20]

X1 — X Xoi = Xoi-1

Equations [17] and [20] alow one to compute all coeffi-
cients of the transient solution terms. Alternatively, the last
two unknown coefficients may be computed directly from
the initial conditions and the four known coefficients.

DISCUSSION

As mentioned above, the presented algorithm includes
the solutions of (12, 13). It is complete insofar as Eq. [ 8]
considers all possible factorizations of the determinant. Un-
necessarily specializing the factorization at this point by as-
suming the existence of a pair of real roots (12, 13) severely
limits the applicability of the solution, especialy for the on-
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resonant case. Compared to a solution by projection opera-
tors, this solution avoids the asymptotic approximation ( Eg.
[10] of (18)) and provides the time development of all
magnetization components, a useful feature particularly with
respect to pulse design.

The solution was thoroughly validated by comparing its
behavior with solutions of the plain Bloch equations (10)
and of the specialized binary systems of (12, 13) for various
pulse sequences. Equations [6], [7], and [16] were com-
puted by the symbolic calculation program Maple V R3
(Waterloo Maple, Inc., Waterloo, Canada) , manually rewrit-
ten in a compact form and checked against the original so-
[ution.

The implementation uses Laguerre’s method as described
in (19) for computing the roots of A(p), Eq. [7]. Multiple
roots have been found to occur if T) = Tg, T2 = T3, and
6a = 6g = 0. However, since an infinitesimal variation of a
coefficient is sufficient to resolve the degeneracy (20), mul-
tiple roots pose no problem if the coefficients represent phys-
ical parameters of finite precision. Variation of one parame-
ter such as T% by less than a factor (1 + 10™*) resolves the
degeneracy, afact which proves the robustness of the algo-
rithm.

Compared to numerical integration methods, the main ad-
vantage of the algorithm is its black box capability. Pulse
sequences consisting of pulses of some microseconds or sec-
onds duration are readily realized; spin system parameters
may vary over several orders of magnitudes. The algebraic
complexity of the algorithm is manageable. Even solutions
of higher-order systems such as a three-compartment model
can berealized by taking advantage of the well-defined struc-
ture of the algorithm and a symbolic calculation program.
Regarding the computational cost of the algorithm it should
be mentioned that solving for aperiod of constant RF irradia-
tion requires 1.2 ms on an old-fashioned SuperSPARC, 60-
MHz microprocessor (SUN Microsystems, Inc., Mountain
View, USA). The agorithm is available as C++ code from
the authors.
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